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We have developed an analytical expression for the diffusion coefficient of benzene in Na-Y at
infinite dilution in terms of fundamental rate coefficients, which has been confirmed by extensive
kinetic Monte Carlo simulations. This model assumes that benzene jumps amamgl 8V binding

sites, located near Naions in 6-rings and in 12-ring windows, respectively. Our diffusion theory

is based onD=ika? wherea=11 A is the intercage length ankl is the cage-to-cage rate
coefficient. We have determined that k(S —W)- 3- 3[ 1+ k(W—W)/k(W—S;,)], a finding that

has resolved discrepancies between theory and simulation and has suggested new interpretations of
benzene diffusion in Na-Y. Wher(T)=k(W—W)/k(W—S,,) is between 0 and 1, the factor
3[1+a(T)] counts the number of thermally allowed target sites for cage-to-cage motion.
Alternatively, whena(T)>1, benzene mobility is interpreted as interstitial diffusion, whekeis
controlled by the probability of W site occupancy multiplied by the rate efW jump processes.

This limit is expected to arise with benzene loadings of four molecules per supercagE997®
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I. INTRODUCTION Sec. Il we present our analysis of cage-to-cage motion in-
cluding various limits and interpretations florin Sec. Ill we

The transport properties of adsorbed molecufglay a  describe the simulation methodology used and results ob-

central role in catalytic and separation proce$sbat take tained for comparison with our analytical theory. In Sec. IV

place within zeolite cavitied.Understanding the host—guest we conclude by speculating on the applicability of our ap-

interactions that control molecular diffusion may suggestproach for other host—guest systems.

new materials with advanced performance. We have recently

reported the results of analysis and simulation that greatly

;lmpl|fy our plctur'e of benzene diffusion in Na—Y by focus- Il ANALYSIS OF CAGE-TO-CAGE MOTION

ing on the dynamics of cage-to-cage motfotin this system

benzene has two predominant binding sftés.the primary ~ A. General formulation

site, denoted as; S benzene binds to Nacoordinated to a We begin our analysis of benzene cage-to-cage motion
zeolite 6-ring; the secondary site, denoted as W, involve$, Na-Y zeolite by imagining a trajectory executed by a
benzene in a 12-ring window separating two adjacent SUpekingle benzene molecule through Na-Y, hopping amopg S
cages(cf. Figs. 1 and 2 Although hops really take place ang \W sites. In the limit of aery long trajectory, mean
among § and W sites, imagining that diffusion through residence times at,Sand W sites can be used to calculate
Na-Y involves jumps from “cage site” to “cage site” re- popping rate coefficients and equilibrium coefficients in ac-

duces the problem to diffusion on a tetrahedral lattice, agord with the ergodic hypothesisThe mean supercage resi-
shown in Fig. 3. In the case of random hopping on1 aztetradence time{ 7) cage is then given by
hedral lattice, we have rigorously proven thBt= gka
wherea=11 A is the intercage length andklis mean cage T 1 Twl Ts,
residence timé?® This result is interesting because we obtain <T>cage:|\|_cc: N_CC(TSII +Tw)= Nee| Tw +1
the simple-cubic result even though the simple-cubic parti-
tioning of Na-Y is invalid at the cage-to-cage length scale. T=e T4
In our previous study k was equated to}-4-k(S, - N—CC[Ked(W—>S,|)+1], 2.1
—W) where the factor of one half accounts for randomizing
in the W site, and the factor of 4 accounts for the four waysvhere T=Tg + Ty is the total time of the trajectoryls
to leave the supercage through one of the four windowsand Ty, are the total residence times af @&nd W sites,
While this formula fork gives a rather straightforward pic- respectively, andN. is the number of cage-to-cage jumps
ture for cage-to-cage kinetics, it also gives persistent, sysduring the trajectory. The long time limit in E¢2.1) ensures
tematic error when compared with simulation over a broadconvergence ofTs /Ty to the equilibrium coefficient
range of system parameters, as discussed in Sec. Ill. BelolW(W—S,) =2k(W— ;) k(S —W), where k(W—S)
we present an analytical treatment of this problem that reandk(S,,— W) are fundamental rate coefficier. Figs. 1
solves the discrepancies alluded to above, and also suggestsd 2, and the factor of 2 arises because each W site is
new interpretations for benzene diffusion in Na-Y. shared between two adjacent supercages. The long time limit
The remainder of this paper is organized as follows: inallows T,y to be expressed as

cc
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A FIG. 3. Tetrahedral connectivity of supercages in the Na-Y unit cell. Balls
R represent supercage “sites” and sticks represent cage-to-cage jumps.

FIG. 1. §y<W minimum energy path with transition state indicated in

bold. damental hopping rate coefficients. Before proceeding, we
note that Eq.(2.3 contains all the fundamental rate coeffi-
cients in our system except f&(S,—S;,), which controls

W T=* Ny benzene intracage motion. As such, while diffusion measure-
Tw=Nw- Ny =Nw (Dw — Kot W) ments can probe many aspects of this system, they are insen-
» sitive to the dynamics of intracage motidi®® (See Note
=Nu{6[k(W—S§) +k(W—W)]} ", (22 added in proof and Ref. 10.
where Ny, is the number of visits to W site€;r)y is the The remainder of this section is devoted to examining

mean W site residence timigo(W) = 1/ 7)yy is the total rate various limits of Eq.(2.3) and interpretin'g'the results. In
of leaving the W sitek(W— W) is another fundamental rate what follqws we focus on the rate coefficient for cage-to-
coefficient, and the factor of 6 counts available target sites i§29€ Motionk=1/7)cage.

the Na-Y supercage structure. The long trajectory limit al-

lows one further simplification, namely thilt,.=N,/2. The = B. K¢g(W—S,)>1

factor of 3 accounts for randomizing in the W site which Recently reported docking calculatidri8 of benzene at

halves the probability to leave the cage. the §, and W sites in Na-Y suggest that thg Site is more
Putting these results together, we have stable by~25 kJ mol %, indicating thatk o (W— )1 for
Ked W—§))+1 most relevant temperatures. This allows us to express the
(7)cage™ AKW—S,) T k(W—W)]’ (2.3 intercage rate coefficient as
which represents an exact, analytical solution of the Master |, SLK(W— S)+k(W—W)] (2.4
Equation determining cage-to-cage motion in terms of fun- Ked W—S))) '
3 KSEW) +K(W—W
—E'm'[ (W= §) +k(W—W)]
-30 T T T T T T T
i )} k(S —W)- =3 14 W W) 2.5
= W)= — 7| .
-40 |- - ! 2 k(W— §)
—.: - - In Eq. (2.5 we have ordered the factors to facilitate the
g 50 - following three-step interpretation of intercage motion: First
= | i benzene must jumpta W site, probably from an,Ssite,
< with the rate coefficienk(S,,—W). Second, benzene must
o8 60 = 7 I d through the W site, with bability of
& eventually proceed through the W site, with a probability o
5 B . one half because of relaxation at the W site. Third, benzene
-70 |- — must eventually reside in the adjacent cage; the fadtbrt3
i i k(W—W)/ k(W—S;;)] counts the number of thermally al-
50 , | , | , P . lowed target sites in the new cage. To further clarify the role
10 _5 0 5 10 of this last factor, we consider in Sec. Il B various limits of
Reaction coordinate (angstroms) the quantitya(T)=k(W—W)/k(W—S,).
It is interesting to compare E€R.5) with our previously
FIG. 2. S,—~W energetics with 41 kJ mol activation energy. reported formula fork obtained by fitting the temperature
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dependence of kinetic Monte Carlo simulation restit@he  new cage, hence giving a factor of 3 thermally allowed target
temperature dependence lfwas fitted tok(S,—W)-3-4, sites for cage-to-cage motion, i.e[,13+ «(T)]=3. We note
where the factor of 4 was thought to account for the fourthat this limit also arises by excluding entirely the-\WV
ways to leave the supercage through one of the four winprocess as discussed in Sec. lll.

dows. Equation (2.5 replaces the factor of 4 with

3[1+a(T)], thereby changing our picture of cage-to-cage, a(T)=1

motion both quantitatively and qualitatively. We now view o . . )

the cage-to-cage rate coefficient as being proportional to a 1S limit can be achieved at high temperatures with our
“target site factor,” i.e., the number of thermally allowed present activation energies. In this case a molecule that has

target sites in the new cage; rather than being proportional tff@ched the W site has equal probability of jumping to an
a “window factor,” i.e.. the constant number of threshold S1| or W site. There are six such sites in the new cage, hence

sites connecting adjacent supercages. Regarding quantitatifd/ing @ factor of 6 thermally allowed target sites for cage-
effects, Eq(2.5 agrees perfectly with our simulation data as to-cage motion, i.e., @+ «(T)]=6.
discussed in Sec. Ill.

Before discussing limits of(T), we give one further 3. a(T)>1
interpretation for our new intercage rate formula starting  Tnis |imit cannot be achieved with our present rate co-
from Eq. (24). The mean supercage residence time.efficients for benzene in Na-Y at infinite dilution, but might

(T)cage=1/k, can be expressed as be possible for benzene loadings near 4 molecules per super-
(T)cage= Ked W— Sy))-2-(T)w (2.6) cage. In this case, with mos{; Sites occupied by benzene, a
molecule h a W site executing cage-to-cage motion is likely
Ns”<7'>s“ to jump to another W sitbeforean §, site in an adjacent
:m 2w cage becomes vacant. This situation is reminiscent of inter-
stitial diffusion! wherein $ sites are lattice positions and W
Ns, sites are interstitial positions. This limit is interesting be-
:<T>S|| ' N_w 2, (2.7) cause it drastically changes the parameters that control cage-
. L . . to-cage motion. In this case E.5 reduces to
whereNSII is the number of visits toSsites anC{7’>s” is the
mean § site residence time. The rat¥s /Ny counts the k=K(S;—W)- E M
average number of jumps in a cage required for benzene to 2 k(W=8§)
visit a W site. The productr)s -Ns /Ny is thus the aver- = Ked S — W) - kK(W—W).- 3, 2.8

age time required for benzene to viaiW site. The factor of E ion(2 b q db ing that in th
2 accounts for randomizing in the W site which doubles the quation(2.8) can be understood by recognizing that in the

average time spent in each supercage. EquaBiah clarifies pre_sent Iin_1i_t mobility arises from hopping among interstitial_
the following subtle point: While it is plausible to conclude lattice positions onlly.dés such,vt\?e cage-to-cag? r:tef coeffi-
from Eg. (2.7) that supercage residence times depend upoﬁ'em IS proportional t eq_(s“ﬁ ), ameasure o t N r.ac-
(7)<, which in turn is a function ok(S, —S,), the overall pon of mqlecules occupying |nterst|t_|§1l Iatt|ce_p_03|t|ons, and
cagtlal-to-cage rate coefficient turns out toibdependentf is proportional tk(W—W), the mobility coefficient on the

K(S,—S,). Equations(2.6) and (2.7) demonstrate that the interstitial lattice. The factor of 3 counts the number of W

. — W cage-to-cage jumps from a given W site.
factor N, /Nw, which depends upon all four fundamental "o iimate the overall temperature dependendeasf-

rate coefficients, converts tr(er)sn dependence int@r)y suming Arrhenius behavior, i.ek=rve #Ea, we decompose
dependence. As such, while E@.7) is useful for picturing  the individual factors in Eq(2.8) according t&?
cage-to-cage motion, and in fact lies most closely to the heart B BE(WoW)

of kinetic Monte Carlo simulations, it does not explicitly K(W—W)=vyne "=
reveal how( )¢, depends upon fundamental rate coeffi-

w
cients. = %v-e(s\ilwaN)”‘B-e’B(E\:;VW’EV"), (2.9
C. Limits of a(T) Ke Si—W)=e AFwFs)
To elucidate the target site factof B+ «(T)], we con- = e(Sw=Ss,)/kg. g~ B(Ew—Eg ) (2.10
id i limits ofa(T)=k(W—W)/k(W in Eq. .
2 Se)r various limits ofa(T) =k(W—W)k(W—$) in Eq In Eqg. (2.9 E\y andSyy are the internal energy and entropy,

respectively, of the W siteEf,,, and S}, are the internal

1 a(T)<1 energy and entropy, respectively, of the-WWV transition
This limit can be achieved at low temperatures with ourstate; andoyyy is the vibrational frequency of benzene in the

present activation energids,(W—W) = 18 kJ mol't and W site along the W-W reaction coordinate. This decompo-

E.(W—S,) = 16 kJ mol . In this case a molecule that has sition of k(W— W) derives from transition state theory using

reached the W site will most likely jump to an, Site, either ~ the Helmholtz free energ¥.In Eq. (2.10 F\, andFg are

in the old or new cage. There are three sughsges in the the Helmholtz free energies of W ang] Sites, respectively;
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andEg andSs are the internal energy and entropy, respecthough in an intriguing bifurcation of long, immobile times
tively, of the  site. By multiplying Egs.(2.9) and (2.10  hopping among $ sites and short, highly mobile durations

and separating terms we find that hopping among W sites.
Further calculations are required to determine if this in-
p= SwWW_e(S\i,\,Wfsw)/kB.e(Swfss”)/kB terstitial limit is actually realized for diffusion in heavily
2w loaded zeolite$®
3www +
= . e(Sww~Ss, )’k
27 & ST, (213 I. SIMULATION METHODOLOGY AND RESULTS
Ea:(E\il\/W_ Ew) + (Ew— Es”) In Sec. Il we devel_ope<_j an essentially_exact, analytical
treatment of benzene diffusion in Na-Y. While the results we
= E\f\,w— ES”. (2.12 obtained were quite plausible, it is comforting to further vali-

o S o date them by carrying out appropriate simulations. Alterna-
These results indicate that diffusion in the limi(T)>1 4 ey one can regard these calculations as tests to determine

involves a composite process, since neithator B, corre-  \yhether the simulations are sufficiently well converged to
sponds to a fundamental hopping process. Indeed, the Str”@'lve the long time limits in Eqs(2.1) and (2.2).
ing conclusion drawn from Ed2.12) is that diffusion in this

limit is independenbf the E;IW transition state energy, an A. Kinetic Monte Carlo

intriguing result that could not have been predicted from our We apply the kinetic Monte Carlo (KMC)
previously reported formuld= - 4-k(S,;—W).*® algorithnf->14~16to benzene diffusion in Na-Y by replacing
We close our discussion of interstitial diffusion by inter- the zeolite framework with a three-dimensional lattice of
preting 31+ «(T)] whena(T)>1, which will further elu- S, and W binding sites. Such a lattice model is known to
cidate why the intercage rate coefficient is independent of thaccurately reproduce diffusive behavior when site residence
Eéﬂw. When «(T) is between zero and one[B+«(T)]  times are much longer than travel times between $ié5.

counts the number of target sites in a new cage. The correthe probability to make a particular hop from the $8f

sponding interpretation whem(T)>1 follows from =S, §—W, W=S§, and W—W) is proportional to the
associated rate coefficient. A hop is made every KMC$tep

3[1+a(T)]=3| 1+ k(W—W) and the system clock is updated accordingly. The mean time
k(W—§) elapsed before each hop is the inverse ofttial rate coef-
6[k(W— S,)+k(W—W)] ficient to leave the originating sité.For example, if benzene
= ( ! ] hops from an $ site, the mean time elapsed is
6k(W— ) .
POV S )8~ 30k(s = ST kS W) 3
=3-N(W=§y), (213 where the factor of 3 counts available target sites in the Na-Y

whereP(W—S,)) is the probability of jumping to an,Ssite ~ supercage structure. Since the rate coefficients for leaving
while diffusing on the interstitial lattice. As such(W—  the §; site are typically much smaller than those for leaving
S)) = 1/P(W—S,) is the average number of jumps on the the W site, the elapsed, Stime is much larger than the
interstitial lattice before relaxing to an,Ssite. This further ~elapsed W time. As such, the KMC random walk algorithm
elucidates why the interstitial cage-to-cage rate coefficient igfficiently models both sluggish and rapid motions in the
independent oEf ,,, namely wherE% ,,>Ef,,. the long Na-Y—benzene system. Ensemble averages required for cal-
time spent at $ sliltes required to ochpy W sites is exactly culating mean supercage residence times are performed as

compensated by the long time spent diffusing among WPreviously described in Ref. 5.

sites, i.e., the produdt(S;, —W)-N(W—$S,,) is independent In Refs. 4, 5, 8 and 9 and in the present study, we esti-
of Eg w. These long § and W residence times are related mate rate coefficients using the Arrhenius formula, in which
(1l

by detailed bal " d by th b ﬁ_kz ve~ PEawherev andE, are temperature independent. We
ci)(/anteir?llgq (2a8:):1nce, as evidenced by the equiliorium Coelllyssme that the Arrhenius prefactdng resemble typical

AT . . o vibrational frequencies, of order ¥0s™*. We believe these

The k'ne“% p'CtuEL_e is as follows: in the limits that rate coefficients are sufficiently accurate for the purpose of
Es, <Ew andES”W> Eww. & benzene molecule spends mOStdrawing gualitative conclusions. The calculated hopping ac-
of its time at § sites hopping to otherSsites in thesame  tjyation energies and hypothetical Arrhenius prefactors re-
supercage, i.e., not contributing to diffusion. Occasionally amorted in Ref. 4 are summarized in Table I. The calculations
Si—W hop occurs, placing benzene on the interstitial lat-that follow use several parameter sets to obtain various limits
tice. Since the activation energies sati&fy > Eww, beN-  of the intercage rate coefficient. The parameters in Table |
zene is more likely to execute WW hops than W~ S, serve as the reference from which other parameter sets are
hops, i.e., benzene diffuses on the interstitial lattice. Eventuebtained. We note that leaving the W site is much more
ally benzene relaxes to an, Ssite where it continues its facile than leaving the Ssite with the parameters in Table I.
intracage, $— S, motion. Detailed balance is satisfied, al- Indeed, the predicted 300 K residence time at theste is
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TABLE |. Hopping activation energies and hypothetical Arrhenius prefac-

tors for benzene in Na-Y. Our model predicts that leaving the W site is 6 1000 500 300 200
relatively facile. LN LB DL D BRNL LR BN N B
» *—=e i o
Jump Activation EnergykJ mol1) Arrhenius Prefactots™t) All jumps
- 5 = o—o No W->W |_
gllj\} b 16° . Old theory| |
W—S, 16 103
W—W 18 10%

k. /05K
' |
1 |

more than 5000 times longer than at the W site. Reference 4

discusses the detailed hopping mechanisms, in addition to - T

the reasonable agreement between our activation energies 2 P N SR NN SR N S N S

and those measured experimentally. 1 2 3.4 5 6
1000/T (K )

B. Simulation Results FIG. 5. Temperature dependence of kinetic Monte Carlo calculated cage-to-

Figure 4 shows an Arrhenius plot &, the KMC cage rate coefficients With a_md without the-VWV jump, indicating that this
calculated cage-to-cage rate coefficient. In order to demorliMP Process affects diffusion.
strate the systematic error between simulation and our old
theory? we plot in Fig. 4 the quantityKy/3- k(S —W)]

—3. Because our old theory asserted thgt,=3 4-k(S, According to our new model the quantity plotted in Fig.
—W), the quantity plotted in Fig. 4 would equal unity by our 4 is 3a(T). Since our previous hopping path calculatibns
old theory. Instead, Fig. 4 demonstrates Arrhenius temperagive E,(W—W)=18 kJ mol'! and E,(W—S,)=16 kJ
ture dependence fdikg/3-k(S,—W)]—3, indicating that mol~ 2, our new theory predicts thatadT) should exhibit a
additional rate proceéss control diffusion. 2 kJ mol ! “activation energy,” in perfect agreement with

Figure 5 showskgm/3- k(S,— W), a “window factor” simulation. Furthermore, the quantity plotted in Fig. 5 is
that would equal 4 with our previous theory, plotted against3[1+ a(T)] which should take the value 3 when excluding
10007T. The solid dots are KMC data including all jumps, the W—W process, again in perfect agreement with simula-
while the open dots are obtained from KMC by excludingtion. As such, our new formula for benzene diffusion in
the W—W jump process. Since excluding the- WV jump  Na-Y completely resolves the qualitative and quantitative
changes the cage-to-cage rate coefficient, Fig. 5 suggests tiidiscrepancies between theory and simulation.
this jump contributes to diffusion in some way. Figures 4 and  In the remaining results we use kinetic Monte Carlo to
5 clearly demonstrate that our previous theorykdg unable  calculate cage-to-cage rate coefficientsTat300 K using
to account for the actual temperature dependence of diffuvarious sets of system parameters. These rate coefficients are
sion. reported below in units of the rate obtained from E2.5)

with the parameters in Table 1, ie. in units of

ker=1.73x10° s~ 1. Unless otherwise specified, the results

500 300 200 100 below use the parameters in Table I. Table Il shows the

results of simulations consisting 08310° KMC steps, each
requiring~7 CPU min on an IBM RS/6000 3AT. In Table
I, Ksim is the KMC simulated cage-to-cage rate coefficient,
Kineo IS calculated analytically from Ed2.5), andkq is our
previously reported theorygiving k= 2k(S,—W). Param-
eter sets 1 and 2 give(T)<1 while sets 3 and 4 give
a(T)>1. Set 1 is precisely that from Table I, which is why
in this casekyeo/ Ko IS €Xactly one.

These simulations give results in nearly exact agreement
with our analytical theory over a wide range of parameters,
indicating that the simulations have indeed attained the long

01 . . . . L] time limits in Egs.(2.1) and (2.2), requiring hundreds to
2 4 6 8 10 thousands of cage-to-cage jumps. Although our old theory
1000/T (K) appears to be useful for sets 1 and 2, Figs. 4 and 5 show that
this agreement alT =300 K is fortuitous because the old
FIG. 4. Arrhenius plot comparing kinetic Monte Carlo calculated cage-to-theory gives systematic error at other temperatures. Table Il

cage rate coefficients to thg S>W rate coefficient. The old theory predicts ; ; ; ;
this should be constant, while simulation demonstrates Arrhenius tempere'is-hows that with sets 1 and 2 the intercage rate is proportional

ture dependence, suggesting that additional rate prasesontrol diffu- L0 V(_Sl — W) and hence&k (S, —W); while with sets 3 and 4
sion. the intercage rate is roughly proportional #V— W) and

10.0 T T T 1 T T T 1 U 1

o—e E =2 kJ/mol
------ Old theory

=

=
T
1

SI

[k, /0.5k, .]-3
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TABLE Il. Comparison of kinetic Monte Carlo simulations and analytical the results presented herein can be extended to, e.g., benzene
theory with energies in kJ mot and prefactors in's', showing quantitative diffusion in Na-Y at finite Ioadings or indeed other host—
agreement between simulation and our new theory. In sets 1 aBg(\2/ . .
S,) <E.(W—W) — 18 kJ mol"* and intercage motion is controlled by guest systems_ as ngl. The analogous_ treatm_er)t _of d|_ffu_5|on
K(S,,—W); while in sets 3 and 4E,(W—S,) >E,(W—W) and intercage  through one-dimensional channel zeolites at infinite dilution
motion is also controlled bi(W—W). is trivial, as we have previously discusse@ixtending our

approach to, e.g., diffusion in ZSM-5 is however non-trivial

Parameter Set1 Set2 Set3 Set4  and warrants further study. Treating systems with finite load-
EL(Si—W) 41 41 50 50 ings is likewise non-trivial, possibly requiring a mean field
EaW—$8)) 16 16 25 25 ansatzto establish the equatidd = (1/2d)k,a?, since it is
v(Si—W) 1012 1012 1012 101j known that single file transport in heavily loaded channel
»W—W) 10 10 10 10 zeolites gives anomalous diffusioh?® Further study is re-
a(T) 0.313 0.313 15.0 150 quired to determine how widely applicable the methods pre-
Ksim/Kret 1.00 0.100 0.257 2.39 sented herein are to transport problems in zeolite molecular
Kiheo! Kre 1 0.100 0.255 2.40 sieves.
Kot /Kref 1.02 0.102 0.021 0.021

Note added in proofWe have recently developed an
analytical theory for the concentration dependence of ben-
zene diffusion in Na—Y based on E.3). The results will
hencek(W—W) [cf. Eq. (2.8)]. This is predicted by our be reported in a forthcoming publicatioh.
present treatment but is completely missed by our old theory.

Thus, our comparisons between theory and simuluation pro-
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